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Abstract 
The time delay of GPS link1 (L1) and link2 (L2) signals in ionosphere is one of the propagation path effects caused when the 
signal is travelling from satellite to receiver. The absence of the Selective Availability (SA) made the ionospheric delay as the 
predominant accuracy limiting factor for GPS. As the density of the ionized plasma varies, the velocity of the GPS signals differs 
from the velocity of light. Due to this the GPS radio frequency (RF) signals experience the group delay or phase advance. Hence 
the one way time transfer of the GPS is affected, inturn resulting in pseudorange error varying from few meters to tens of meters 
at zenith. To correct the GPS range measurements this delay is estimated using conventional Code Range technique which 
models the Total Electron Content (TEC). In this method the TEC is an additional parameter to be calculated and the accuracy of 
the TEC depends on the inter channel biases and solar activity. To overcome this, an orthogonal decomposition algorithm is 
proposed in this paper. The proposed algorithm decomposes the coefficient matrix derived from the linear combination of GPS 
measurements. The proposed algorithm not only avoids TEC calculation but also minimizes complex computations. The 
comparative analysis of the estimates of the proposed algorithm and conventional method are presented in this paper. The 
proposed algorithm is implemented and estimates are validated for the ephemerides data collected on 07th April 2015 from the 
Dual Frequency GPS (DFGPS) receiver located in the Department of Electronics and Communications Engineering (ECE), 
Andhra University College of Engineering (AUCE), Visakhapatnam (Lat:17.730N/Long:83.3190E). The proposed algorithm can 
be implemented for precise navigation and tracking applications like Category I (CAT I) precision approach (PA), Precise Point 
Positioning (PPP), geographic information systems (GIS) and Real Time Kinematic (RTK) positioning. 
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1. Introduction 
The advent of Global Positioning System (GPS) provides a low cost solution for monitoring the ionosphere 
on a global basis1. But the transit time delay in ionosphere or ionized plasma is a major error source in GPS range 
measurements2. This layer is part of the earth’s atmosphere where ions and electrons are present in quantities 
sufficient to affect the propagation of the radio frequency (RF) signals3.This plasma of free electrons will be dense 
during high solar activity conditions resulting in higher refraction of the GPS signal4. This time delay, when scaled 
by speed of light, leads range error of magnitude varying from few meters to tens of meters5. The magnitude of the 
delay depends on the Total Electron Content (TEC) of the ionized atmospheric layer.The error also varies due to 
several other factors such as the user’s location, satellite elevation angle, the time of the day, the time of the year, 
and the solar cycle6. Hence error estimation and correction is of prime concern in precise navigation applications.  
The Code Range technique is the conventional method of estimating the delay which involves calculation 
of TEC along the signal propagation path7. To avoid the computation complexity and estimation of TEC, an 
orthogonal decomposition algorithm is proposed in this paper. The paper also brings out the comparative analysis of 
the delay estimates of the proposed algorithm and the conventional method.  
2. Code Range Technique 
Code Range technique is a conventional method to calculate ionospheric delay by exploiting the dual frequency 
transmission of GPS satellites. The GPS RF Link1 (L1 or 1Ĩ =1575.42 MHz) and Link2 (L2 2Ĩ =1227.60 MHz) carrier 
signal8 refraction by ionized plasma is proportional to TEC and geomagnetic field. For these L1 and L2 
electromagnetic waves the phase index of refraction ͿŶ; Ɖ is derived from Appleton Hartree formula5. 
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Hereω is angular frequency of L1 or L2 signal, Žε is free space permittivity, B is geomagnetic induction, pω and Đω are 
electron plasma and cyclotron frequencies, these frequencies describe electron oscillations in the presence of 
perturbation electric field and ambient magnetic field, N, e and m are electron density (el/m2), charge(c) and mass 
(kg) respectively, the angle between geomagnetic field and direction of signal propagation is represented 
byθ .During high solar activity the higher order terms in Appleton Hartree formula will contribute only 1 to 2 
meters of range error9. Hence approximating the higher order terms, the phase refractive index is given by, 
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The group index of refraction given by (5) indicates it to be greater than unity, which means that the group velocity 
is less than the velocity of light. The integration of group refractive index given by (5) along the signal propagation 
path gives ionospheric delay experienced by the signal (IL) while propagating through ionosphere. 
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 Equation (5) and (6) shows that GPS signal transit time through ionosphere is longer than the transit time through 
the vacuum and the pseudorange is farther than the geomagnetic range between the satellite and the receiver10. Since 
the ionosphere is dispersive in nature11 the absolute TEC is calculated using the L1 and L2 GPS carrier frequencies. 
The TEC calculated using (7) is the slant TEC (STEC) along the ray path between satellite and receiver. Whereas 
the vertical TEC (VTEC) is the parameter of interest for certain research on ionosphere. The VTEC is expressed in 
terms of STEC and Obliquity Factor (OF)12. 
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Here the radius of earth (RE) is 6371 km, spherical shell height (h) is 450 km and ‘el’ is the elevation angle13. The 
OF is modelled using Slim Layer Mapping (SLM). In this paper STEC and VTEC are calculated using (8), the 
ionospheric group delay (I1) on L1 carrier frequency is also calculated using (6) from the collected ephemerides data.  
3. Orthogonal Decomposition Algorithm 
The proposed orthogonal decomposition algorithm for ionospheric delay estimation is derived from the 
linear combination of carrier phase and pseudorange measurements, observed on L1and L2 carrier frequencies.  
111 Ɖ/WZ ερ ++=                                                   212 Ɖ/WZ εαρ +×+=                                               
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Where, the subscripts 1 and 2 represents the measurements on the 1L  and 2L frequencies respectively, ε  represents 
the effects of multipath and receiver noise [m], PR1 and PR2 are the pseudoranges on 1L  and 2L frequencies [m] 
respectively, ρ is the geometric range [m],I1 is ionospheric delay on 1L  frequency [m],α is 221 ͿĨͬĨ; , 1φ and 2φ are 
carrier phase measurements[m], 1N and 2N  are integer ambiguities, 1λ and 2λ are wavelengths[m] on respective 
frequencies. The observation equations (9) are framed in a matrix form as given by (10) and here it is assumed that 
multipath effect and the receiver noise are corrected.  
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 The equation (10) can be simplified and the solution for ‘x’ can be obtained as,  
BAAxA TT =  
( )11BAA)(Ax TT 1−=  
The computation of column matrix ‘x’ from (11) involves calculation of inverse of the product of matrices. This 
solution is numerically unstable which leads to round-off errors or the minor errors in initial data leads to large 
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deviation of estimated solution compared to the exact solution14. To overcome this problem the solution for ‘ x ’ is 
obtained using the eigenvector15 decomposition. In this the coefficients matrix, ’A’ is decomposed into orthogonal 
matrices ‘U’ and ‘V’ and singular value diagonal matrix, ‘D’ such that15,     
( )12dhs =    
Where, the diagonal matrix entries are non negative and the magnitudes are in descending order, which are known 
as singular values or eigen values of the matrix A. Similarly the column vectors of U and V are left and right singular 
values of matrix A. Entries of U and V are   eigenvectors of AAT and ATA respectively. In general the decomposition 
of a coefficient matrix A of the order m x n is expressed in terms of eigen values and eigenvector matrices as, 
 
 
 
 
 
 
 
 
 
Where, σ are singular values and k is the rank of the matrix A. These matrices on simplification gives, 
 
 
 
 
 
 
 
The above equation shows only k eigenvectors contribute to matrix A. Hence matrix A can be simplified as, 
 
 
  
 
                                        (14) 
 
The above equation can be expressed as (12). Using these eigenvectors and the singular values the solution for (11) 
is calculates as, 
         BVDUVVDx TT 12 )( −=                                    (15) 
On further simplification, the unknown vector ‘x’ is obtained as, 
        BUVDx T )( 1−=                                                                                                                                    (16) 
The derived equation (16) shows that expression for unknown ‘x’ is much simpler in computation 
compared to (11). The solution for ‘x’ determines the unknown ionospheric delay on L1 frequency and also the 
integer ambiguities. To validate the delay determined by ‘x’ are compared with delays obtained using Code Range 
technique involving calculation of Total Electron Content (TEC). The performance analysis of the proposed 
orthogonal decomposition algorithm and the code range technique are presented below. 
4. Results and Discussion 
The estimates of the proposed orthogonal decomposition algorithm and the conventional method show that 
the delay due to ionosphere ranges from §1m to §23m. This error is estimated for typical geographical location in 
the Indian subcontinent over the Bay of Bengal for typical ephemerides collected on 07th April 2015 from the 
DFGPS receiver located in Department of ECE, AUCE, Visakhapatnam (Lat:17.730N/Long:83.3190E), India. The 
ephemerides are collected for all the visible satellites at an epoch interval of 15 seconds. Though the algorithm 
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performance is similar for all the satellites, the analysis for only SV PRN07 is presented in this paper. The results 
tabulated in Table I details the elevation angle, the STEC and VTEC for the respective time of observation. The 
variation of STEC and VTEC for entire observation period are shown in Fig.(1) and Fig.(2) respectively.  
 
 
 
 
 
 
 
 
 
 
 
 
 
                             
                    Fig.1 STEC of SV PRN07 along LOS on 7th April 2015                                        Fig.2 VTEC of SV PRN07 on 7th April 2015 
 
Table II details the delay estimates of both the algorithms and the results show that the estimates of proposed 
algorithm are similar to those of the conventional method. The impact of satellite elevation angle on ionospheric 
delay is shown in Fig.(3) and Fig.(4) respectively. From the figures it is observed that when the satellite was closer 
to zenith §69o the delay is as low as §1.07 meters. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table I Elevation angle and TEC of SV PRN07 on 7th April 2015 as viewed from DFGPS Rx at AUCE, Visakhapatnam.
Time of the day 
[hours] 
Elevation Angle 
[degrees] 
Slant Total Electron Content       
[STEV in TECU] 
Vetical Total Electron Content         
[VTEC in TECU] 
12.9042 5.063655 141.9758 149.9298 
13.00 5.958395 128.9622 277.2059 
14.00 14.68151 52.29102 59.74489 
15.00 24.68403 15.91656 29.46664 
16.8042 53.45521 0.075967 0.211009 
16.8958 55.22778 0.30482 0.31329 
17.9333 69.28863 0.599642 1.529929 
18.00 69.18989 2.37972 6.538282 
19.00 51.49479 12.05158 12.68828 
20.0167 24.44899 16.13551 23.39401 
Table II Delay Estimations of SV PRN07 on 7th April 2015 as viewed from DFGPS Rx at AUCE, Visakhapatnam 
Orthogonal Decomposition Algorithm Code Range Technique 
 
Ionospheric delay 
[nanoseconds] 
Range Error 
[meters] 
Ionospheric delay 
[nanoseconds] 
Range Error 
[meters] 
Minimum 3.569 1.07 3.569 1.07 
Maximum 77.554 23.25 77.554 23.25 
Mean 13.303 3.988 13.303 3.988 
Standard Deviation 19.333 5.796 19.333 5.796 
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                Fig.3 Ionospheric delay of SV PRN07                                                              Fig.4 Ionospheric delay of SV PRN07 
                    using Orthogonal Decomposition Algorithm                                                               using Code Range technique 
5. Conclusions 
A new orthogonal decomposition algorithm is proposed, which is to estimate the ionospheric delay and is derived 
from the linear combination of the GPS measurements. The delay estimates of the proposed algorithm are compared 
and analysed with those of the conventional Code Range technique involving TEC calculation. The estimates of the 
proposed algorithm are found to be the same as those of the conventional method. Hence the proposed algorithm 
gives the accurate estimation of the delay as well as avoids the numerically treacherous products and the calculation 
of Total Electron Content. Apart from this, the algorithm also calculates the integer ambiguities of carrier phase 
measurements on L1 and L2 frequencies. Hence the proposed orthogonal decomposition algorithm can be 
implemented in precise navigation and surveying applications to get accurate solution with minimal computation 
complexity.  
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